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Abstract

We study the spectrum of a random Schrodinger operator for an electron
subjected to a magnetic field in a finite but macroscopic two-dimensional
system of linear dimensions equal to L. The y direction is periodic and in the x
direction the electron is confined by two smooth increasing boundary potentials.
The eigenvalues of the Hamiltonian are classified according to their associated
quantum mechanical diamagnetic current in the y direction. Here we look at
an interval of energies inside the first Landau band of the random operator for
the infinite plane. In this energy interval, with large probability, there exist
O(L) eigenvalues with positive or negative currents of O(1). Between each of
these there exist O(L?) eigenvalues with infinitesimal current O(e_yB (log L)Z).
We explain the relevance of this analysis of boundary diamagnetic currents to
the integer quantum Hall effect.

PACS numbers: 73.43.Cd, 02.30.Tb, 03.65.Ge

1. Introduction

In this paper we are concerned with the boundary currents in the integer quantum Hall
effect that occurs in disordered electronic systems subject to a uniform magnetic field and
confined in a two-dimensional interface of a heterojunction [1]. It was recognized by Halperin
that boundary diamagnetic equilibrium currents play an important role in understanding the
transport properties of such systems [2]. However, it was later realized that there is an intimate
connection between these boundary currents and the topological properties of the state in
the bulk [3, 4]. Here we will study only diamagnetic currents due to the boundaries, and not
those produced by the adiabatic switching of an external infinitesimal electric field (as in linear
response theory) which may exist in the bulk. Many features of the integral quantum Hall effect
can be described in the framework of one-particle random magnetic Schrodinger operators
and therefore it is important to understand their spectral properties for finite but macroscopic
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samples with boundaries. This problem has been approached recently for geometries where
only one boundary is present and the operator is defined in a semi-infinite region [5-7].

Here we will take a finite system: our geometry is that of a cylinder of length and
circumference both equal to L. There are two boundaries at x = :I:% modelled by two smooth
confining potentials U, (x) (¢ for left) and U, (x) (r for right), and we take periodic boundary
conditions in the y direction. These potentials vanish for —% <x < % and grow fast enough
for |x| > % The Hamiltonian is of the form

H,=Hy+V,+U +U, (1.1)

where Hj is the pure Landau Hamiltonian for a uniform field of strength B and V,, is a suitable
weak random potential produced by impurities with sup |V, (x, y)| = Vi < B (see section 2
for precise assumptions). Before explaining our results it is useful to describe what is known
about the infinite and semi-infinite cases.

In the case of the infinite plane R? for the Hamiltonian Hy + V,, the spectrum forms
‘Landau bands’ contained in |, [(v+31)B — Vo, (v+3)B + Vy]. Itis proved that the
band tails have pure point spectrum corresponding to exponentially localized wavefunctions
[8—12]. There are no rigorous results for energies at the band centres, except for a special
model where the impurities are point scatterers [13, 14]. As first shown in [15] these spectral
properties of random Schrodinger operators imply that the Hall conductivity—given by the
Kubo formula—considered as a function of the filling factor (ratio of electron number and
number of flux quanta) has quantized plateaux at values equal to ve’/h, where v is the
number of filled Landau levels. The presence of the plateaux is a manifestation of Anderson
localization while the quantization has a topological origin. The latter was first discovered
in particular situations [16], and it has been proved for more general models using non-
commutative geometry [17] and the index of Fredholm operators [18] (see [19] for a review).

In a semi-infinite system where the particle is confined in a half plane with Hamiltonian
Hy+V, + U, (here (x, y) belongs to R?) the spectrum includes all energies in [g, +oo[. The
lower edge of the spectrum is between g — Vo and g and in its vicinity the spectrum is pure
point (this follows from the techniques in [11]). For energies in intervals inside the gaps of
the bulk Hamiltonian Hy + V,, the situation is completely different. One can show that the
average velocity (¥, vyY) in the y direction of an assumed eigenstate v does not vanish,
but since the velocity v, is the commutator between y and the Hamiltonian, this implies that
the eigenstate cannot exist, and that therefore the spectrum is purely continuous [5, 20]. In
fact, Mourre theory has been suitably applied to prove that the spectrum is purely absolutely
continuous [6, 7]. These works put on a rigorous basis the expectation that, because of the
chiral nature of the boundary currents, the states remain extended in the y direction even
in the presence of disorder [2]. The same sort of analysis shows that if the y direction is
made periodic of length L, the same energy intervals have discrete eigenstates which carry a
current that is O(1)—say positive—with respect to L [6]. Furthermore one can show that the
eigenvalue spacing is of order O(L~!) [21].

The nature of the spectrum for a semi-infinite system for intervals inside the Landau bands
of the bulk Hamiltonian _J, -, [(v+3)B — Vo, (v+ 1) B + Vo] has not yet been elucidated.

For the finite system on a cylinder with two boundaries the spectrum consists of finitely
degenerateisolated eigenvalues. In [22], the results of [5, 6] for energy intervals inside the gaps
of the bulk Hamiltonian are extended to the present two boundary system. The eigenvalues
can be classified into two sets distinguished by the sign of their associated current'. These
currents are uniformly positive or uniformly negative with respect to L. For this result to hold
it is important to take the circumference and the length of the cylinder both of the order L.

! In principle the physical current is L~ (1, vy V), but here we will call the current the average velocity (V, vy ).
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In the present work, we study the currents of the eigenstates for eigenvalues in the interval
A, = ] g +eé, g + Vo[ where ¢ is a small positive number independent of L. We limit ourselves
to the first band to keep the discussion simpler. The content of our main result (theorem 1) is
the following. Given ¢, for L large enough there is an ensemble of realizations of the random
potential with probability 1 — O(L™) for which the eigenvalues of H, can be classified into
three sets that we call ¥, ¥, and X;,. The eigenstates of X, (resp. X;) have uniformly positive
(resp. negative) currents with respect to L, while those of ¥, have a current of the order of
O(e_VB('OgL)Z). The number of eigenvalues in £, (¢ = £,r) is O(L) while that in %, is
O(L?*). This classification of eigenvalues leads to a well-defined notion of extended edge
and localized bulk states. The edge states are those which belong to ¥, (¢« = ¢, r) and are
extended in the sense that they have a current of order O(1). The bulk states are those which
belong to ¥, and are localized in the sense that their current is infinitesimal. The energy levels
of the extended and localized states are intermixed in the same energy interval. See also [23]
for a short review on spectral properties of systems defined on a cylinder.

Let us explain the mechanism that is at work. When the random potential is removed
Vo, = 0in (1.1) the eigenstates with energies away from g are extended in the y direction
and localized in the x direction at a finite distance from the boundaries. Their energies form a
sequence of ‘edge levels’ and have a spacing of the order of O(L™!). When the potential of
one impurity is added to Hj it typically creates a localized bound state with energy between
the Landau levels. Suppose now that (i) a coupling constant in the impurity potential is
fine tuned as a function of L so that the energy of the impurity level stays at a distance
greater than L~7 from the edge levels, (ii) the position of the impurity is at a distance D
from the boundaries. Then the mixing between the localized bound state and the extended
edge states is controlled in second-order perturbation theory by the parameter L” e cBD?
Therefore, one expects that bound states of impurities that have D > (log L)'/? are basically
unperturbed and have an infinitesimal current. On the other hand bound states coming from
impurities with D < (log L)'/? will mix with edge states. Note that even for impurities with
D > (log L)'/? the coupling constant (equivalently the impurity level) has to be fine tuned as
a function of L. Indeed, for a coupling constant with a fixed value the energy of the impurity
level is independent of L, and surely for L large enough the energy difference between the
impurity and the edge levels becomes much smaller than O (e’CB o ) Remarkably for arandom
potential, the absence of resonance is automatically achieved with large probability and no fine
tuning is needed: this is why localized bulk states survive. We have analysed this mechanism
rigorously for a model (see also [2]) where there are no impurities in a layer of thickness
(log L) along the boundary. Then the edge levels are basically non-random and the typical
spacing between current-carrying eigenvalues is easily controlled. Of course it is desirable
to allow for impurities close to the boundary but then the edge levels become random and
some further analysis is needed. However, we expect that the same basic mechanism operates
because the typical spacing between edge levels should still be O(L~!). In connection with
the discussion above we mention that for a semi-infinite system the bound state of an impurity
at any fixed distance from the boundary turns into a resonance. A similar situation has been
analysed in [24].

We note that the spectral region close to g that is left out in our theorem is precisely that
where resonances between edge and bulk states may occur because edge states become very
dense. It is not clear what is the connection with the divergence of the localization length of
the infinite system at the band centre.

In the present work we have shown that in quantum Hall samples there exist well-defined
notions of extended edge states (current of O(1)) and localized bulk states (infinitesimal
current). Instead of classifying the energy levels according to their current one could try
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to use level statistics. We expect that the localized bulk states have Poissonian statistics
whereas the extended edge states should display a level repulsion. In fact such a strong form
of level repulsion is proved in [21] for energies in the gap of the bulk Hamiltonian where
only extended edge states exist. It is interesting to observe that in the present situation both
kinds of states have intermixed energy levels. In the usual Schrodinger operators (e.g. the
Anderson model on a 3D cubic lattice) it is accepted (but not proved) that they are separated
by a well-defined mobilty edge (results in this direction have been obtained recently [25] under
a suitable hypothesis). The states at the band edge are localized in the sense that the spectrum
is dense pure point for the infinite lattice and has Poisson statistics for the finite system [26].
At the band centre the states are believed to be extended in the sense that the spectrum is
absolutely continuous for the infinite lattice and has the statistics of the Gaussian orthogonal
ensemble for the finite lattice.

Other ways of formulating the notion of edge states have been proposed in different
contexts. In [27] the authors consider a clean system with a novel kind of chiral boundary
conditions. The Hilbert space then separates into two parts corresponding to edge and bulk
states. The bulk states have exactly the Landau energy and the edge states a linear dispersion
relation; the distinction between them being sharp because of the special nature of boundary
conditions. It would be interesting to extend this definition to disordered systems. Recently
in [28] (see also [29]) another approach has been used in the context of magnetic billards.
The authors study a magnetic billiard with mixed boundary conditions with mixing parameter
A interpolating between Dirichlet and Neumann boundary conditions. They look at the
sensibility of the eigenstates and eigenvalues under the variation of A and define in this way
an edge state as a state that depends strongly on A. Let us note that our notion of edge state
as well as the other ones all share the feature that an edge state carries a substantial current.

The characterization of the spectrum of (1.1) proposed here also has a direct relevance
to the Hall conductivity of the many-electron (non-interacting) system. In the formulation
advocated by Halperin [2] the Hall conductivity is computed as the ratio of the net equilibrium
current and the difference of chemical potentials between the two edges. Consider the many-
fermion state W (u¢, 1., Er) obtained by filling the levels of H, (one particle per state) in
Egﬂ[g +8,/Lg],2rﬂ[§ +8,M,]and2bﬂ[§ +8,Ep]with§ +e<u < Ep<p <
g + V. The total current I (i¢, 1., EF) of this state—a stationary state of the many particle
Hamiltonian—is given by the sum of the individual physical currents of the filled levels (given
by L~ (y, v,V)). From the estimates (2.16) and (2.18) in theorem 1

S A Iy =Y A+ S Jg + O L) (12)
X X B X X

and from (2.10) we get
0

1 , 1 " _
ZZJOFZ[; dE + O(L™") (1.3)
k 2t
1 ' l g+8 .
ZZJO":Z/ dE + O(L™"). (1.4)
k He
It follows that to leading order
1
I(pe, pr, EF) = 2—(u,- — Ie). (1.5)
o4

In (1.5) the Hall conductance is equal to 1 (this is because we have considered only the first
band). When u, and u, vary the density of particles in the state, W (¢, i, Er) does not
change since the number of levels in X, (¢« = ¢, r) is of order O(L). However, if Ef is
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increased the particle density (and thus the filling factor) increases since the number of levels
in X, is of order O(L?), but the Hall conductance does not change and hence has a plateau. In
other words the edge states contribute to the Hall conductance but not to the density of states
of the sample in the thermodynamic limit.

In a more complete theory one should also take into account currents possibly flowing in
the bulk due to the adiabatic switching of an external electric field, an issue that is beyond the
scope of the present analysis. A related problem is the relationship between the conductance
in the present picture, defined through (1.5), and that using the Kubo formula (see [30-32]).

The precise definition of the model and the statement of the main result (theorem 1) are
the subject of the next section.

2. The structure of the spectrum

We consider the family of random Hamiltonians (1.1) acting on the Hilbert space L*(R x

[—%, £]) with periodic boundary conditions along y, ¥ (x, —%) = ¥(x, £). In the Landau
gauge the kinetic term of (1.1) is

Ho = 3p} +5(py — Bx)? 2.1

and has infinitely degenerate Landau levels o (Hy) = {(v + 3)B;v € N}. We will make
extensive use of explicit pointwise bounds, proved in appendix A, on the integral kernel of the
resolvent Ry(z) = (z — Hp)~' with periodic boundary conditions along y.

The confining potentials modelling the two edges at x = —% and x = % are assumed to
be strictly monotonic, differentiable and such that

mi ny L
alr+s <Ux) < X+ for x<—5 (2.2)
L™ o < L™ f S L 2.3)
- = X Ur S - A T . .
cfr=3 ¥ <=3 or x> 2

for some constants 0 < ¢y < ¢; and 2 < my < my < 0. Recall that U, (x) = 0 for x > —%
and U, (x) = 0 for x < % We could allow steeper confinements but the present polynomial
conditions turn out to be technically convenient.
We assume that each impurity is the source of a local potential V € C?%,0< V(x, y) <
Vo < o0, suppV C IB(O, %), and that impurities are located at the sites of a finite lattice
A={nm)eZne[-%+logL, £ —logL].m e [-%, £]}. The random potential V,,
has the form
Vo, )= Y Xpm(@V(x —n,y—m) (2.4)
(n,m)eA
where the coupling constants X, ,, are i.i.d. random variables with common density & €
C*([—1, 1]) that satisfies ||/1]|oc < 00, supph = [—1, 1]. We will denote by P, the product
measure defined on the set of all possible realizations w € Q4 = [—1, 1]*. Clearly for
any realization we have |V, (x, y)| < Vy. Furthermore, it will be assumed that the random
potential is weak in the sense that 4V, < B.
We will think of our system as being constituted of three pieces corresponding to the bulk
system with the random Hamiltonian
H,=Hy+V, (25)
and the left and right edge systems with non-random Hamiltonians
H, = Hy+ U, a=4,r. (2.6)
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All the Hamiltonians considered above have periodic boundary conditions along the y direction
and are essentially self-adjoint on C5°(R x [—%, £]). For each realization w and size L the
spectrum o (H,,) of (1.1) (it depends on L) consists of isolated eigenvalues of finite multiplicity.
In order to state our main result characterizing these eigenvalues we first have to describe the
spectra of (2.5) and (2.6).

Let us begin with the edge Hamiltonians (2.6). Here we state their properties without
proofs and refer the reader to [5, 20] for more details. Since the edge Hamiltonians H,
commute with p,, they decomposed into a direct sum:

Q_ZH(/() Zl:lpx+ (k — Bx)+U} .7)

ke 7, ke 7,

For each & the one-dimensional Hamiltonian H,, (k) has a compactresolvent, thus it has discrete
eigenvalues and by standard arguments one can show that they are not degenerate. If the
y direction would be infinitely extended, &k would vary over the real axis and the eigenvalues of
H, (k) would form spectral branches &) (/2), k € R labelled by the Landau level index v. These
spectral branches are strictly monotone, entire functions with the properties &/ (—00) = +o0,
gf(+00) = (v+ 1) B and &/, (—00) = (v + 1) B, &} (+00) = +00. Here because of the periodic
boundary conditions the set of k values is discrete so that the spectrum of H,

2
o(Hy) = {E“fk; veN, ke TZ} (2.8)

consists of isolated points on the spectral branches EY; = &5 (k), k € ZT”Z. The corresponding
eigenfunctions v, have the form

1
Yo (x,y) = i e (x) (2.9)

with @Y the normalized eigenfunctions of the one-dimensional Hamiltonian H, (k). By
definition, the current of the state v/f; in the y direction is given by the expectation value of
the velocity vy, = p, — Bx,

o o o o 2 a/t
I = (Vo vys) = / lo% ()| (k — Bx) dx = e (k) o (2.10)
R ="

where the last equality follows from the Feynman—Hellman theorem. From (2.10) we note
that for any ¢ > 0, one can find j(¢) > 0 and L(¢) such that for L > L(¢) the states of the
two branches v = 0, o = £, r with energies Eg, > %B + ¢ satisfy

Jo < —je) <0 J§ = je) > 0. (2.11)

In other words the eigenstates of the edge Hamiltonians carry an appreciable current. The
spacing of two consecutive eigenvalues greater than %B + & satisfies
16

Egzn(zlm EgZ'rm ]2 ) a=4L,r. (2.12)
Note that these observations extend to other branches but j (¢) and L(¢) are not uniform with
respect to the index v. In the rest of the paper we limit ourselves to v = 0 for simplicity.
On the other hand the spacing between the energies of o (H,) and o (H,) is a priori arbitrary.
We assume that the confining potentials U, and U, are such that the following hypothesis is
fulfilled.
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Hypothesis 1. Fix any ¢ > 0 and let A, = [%B +e, 1B+ Vo]. There exist L(¢) and d(e) > 0
such that for all L > L(g)

at)

dist (G(HZ) N Asa U(Hr) N As) = I

(2.13)

This hypothesis is important because a minimal amount of non-degeneracy between the
spectra of the two edge systems is needed in order to control backscattering effects induced
by the random potential. Indeed, in a system with two boundaries backscattering favours
localization and has a tendency to destroy currents. This hypothesis can easily be realized by
taking non-symmetric confining potentials U, and U,.. In a more realistic model with impurities
close to the edges one expects that it is automatically satisfied with a large probability.

Now we describe the spectral properties of the bulk random Hamiltonian (2.5). From
the bound (A.5) on the kernel of R((z) and the fact that V,, is bounded with compact support
we can see that V,, is relatively compact w.r.t. Hy, thus o..(Hp) = {(v + %)B; URS N}.
Since |V, (x,y)| < Vi < B the eigenvalues E Z of H, are contained in Landau bands

Uv>0 [(V + %)B - W, (v + %)B + Vo]. We will assume

Hypothesis 2. Fix any ¢ > 0. There exist 1(e) a strictly positive constant and L(g) such
that for all L > L(g) one can find a set of realizations of the random potential ', with
PA(Q)) = 1— L% 6 > 0, with the property that if o € Q, the eigenstates corresponding
to Ej € o (Hy) N A satisfy

g (x, )| < e7F |9yWh (x, §p)| < e7OF (2.14)
for some yg depending on w and L.

Since V,, is random we expect that wavefunctions with energies in A, (not too close to the
Landau levels where the localization length diverges) are exponentially localized on a scale
O(1) with respect to L. Inequalities (2.14) are a weaker version of this statement and have been
checked for the special case where the random potential is a sum of rank-one perturbations
[33] using the methods of Aizenman and Molchanov [34] (see for example [14] where the
case of point impurities is treated by these methods). Presumably one could adapt existing
techniques for multiplicative potentials to our geometry, to prove hypothesis (H2) at least
for energies close to the band tail g + Vy. One also expects that u(¢) — 0 as e — 0. The
main physical consequence of (H2) (as shown in section 5) is that a state satisfying (2.14)
does not carry any appreciable current (contrary to the eigenstates of H,) in the sense that
75 = (V5. vyp) = O Oh).

We now state our main result.

Theorem 1. Fix ¢ > 0 and assume that (H1) and (H2) are fulfilled. Assume B > 4Vj.
Let p > 7 and s = min(0, p — 6). Then there exists a numerical constant y > 0 and an
L(e, p, B, Vo) such that for all L > L(e, p, B, Vo) one can find a set Qa of realizations of
the random potential with Py (QA) > 1 — 3L7° such that for any o € Q. o(H,) N A, is
the union of three sets ¥, U X, U ¥, each depending on w and L, and characterized by the
following properties:

(a) EY € Ty (a = £, 1) are a small perturbation of E§, € o (Hy) N A, with
|Ef — Eg| < emvBloel)? a=4Lr. (2.15)
(b) For E}f € X, the current J;* of the associated eigenstate satisfies

I — J&| < eBlesl? g =gy, (2.16)
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(c) Xy contains the same number of energy levels as o (Hp) N A, and
dist(Zp, Ty) = L~ a=24,r. (2.17)
(d) The current associated with each level Eg € 3, satisfies

| Jg] < @77 Bllogl)’, (2.18)

The proof of the theorem is organized as follows. In section 3 we set up a decoupling
scheme by which we express the resolvent of H,, as an approximate sum of those of the edge
and bulk systems. Parts (a) and (c) of theorem 1 are proved in section 4. First we compute
approximations for the spectral projections of H,, in terms of the projectors P (E(‘j‘k) of H, and
Py(A) of Hj, (proposition 1). This is done for realizations of the disorder such that the levels
of Hj, are not ‘too close’ to those of H,. We then show that these realizations are typical (have
large probability) thanks to a Wegner estimate (proposition 2). Parts (b) and (d) are proved
in section 5 by estimating currents in terms of norms of differences between projectors. The
appendices contain some technical estimates.

3. Decoupling of the bulk and the edge systems

The resolvent R(z) = (z — H,)~' can be expressed, up to a small term, as a sum
of the resolvents of the bulk system R,(z) = (z — Hj,)~! and the two edge systems
Ry(z) = (z — Hy)™' (« = £,r). Here this will be achieved by a decoupling formula
developed in other contexts [35, 36]. We set D = log L and introduce the characteristic
functions

Je) =X oo b)) To@) = xten e o0y(0)  Tr(0) = KLy o (¥)
(3.1)

We will also use three bounded C*°(R) functions |J;(x)| < 1,i € Z = {¢, b, r}, with bounded
first and second derivatives sup, | arJ; (x)| < 2,n =1, 2, and such that

oo 1 if x<-%+22 e 1 if |x|<%-2
X) = X) =
‘ 0 if x>-L+3241 b 0 if |x|>%-2+1
(3.2)
. :1 if x>%4-3
rX) = . L _ 3D
0 if XgE—T—
Fori € 7 we have H,J; = H; J; thus
@—Hy) Y JiR()Ji =) (z—H)JiR(2)J; =1-K() (33)
i€l i€l
where
1 8
K@) =) Ki@)=)Y =[p%J]|R@)J:. 3.4
@) zeZZ @) gz[px 1Ri2) (3.4)

To obtain the second equality one commutes (z — H;) and J; and then uses the identity
Yoier Jidi =Y iz Ji = 1. From (3.3) we deduce the decoupling formula

R@) = (Z JiR; (z)f,) (1-K@)™ (3.5)
i€l
The main result of this section is an estimate of the operator norm of K(z). In particular
it will assure ||[IC(2)|| < 1.
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Lemma 1. Let Re z € A, such that dist(z, o (Hy) U o (H,) U o (Hp)) > e~ snllog L)’ Then for
L large enough there exists a constant C (B, Vo) > 0 independent of L such that

1K) < &' C(B, Vo)L e oLy, (3.6)

Proof. Computing the commutator in the definition of K, (z) and applying the second resolvent
formula we have

Ki(z) = =3 (3;;) Ri(2)Ji — (3 J)0c Ri(2) ],
= =5 (32Ji) Ro()Ji — 5 (87J:) Ro(2) Wi Ri (2) ]
— (0 J)Bx Ro(2) T — (05 J;)0x Ro(2)W; Ri (2) ] (3.7)

where we have set W, = U;,, W, = V,, and W, = U,. From the triangle inequality and
|R: (z)|| = dist(z, o (H;))~! we obtain

IK; ()1l < 2] (877:) Ro@)J: || + 1] (82 7:) Ro () W; || dist(z, o (H) ™"
+ 113 J7) 3 Ro(2) T 1| + 11 (35 Ji) 3y Ro(2) Wi || dist(z, o (H;)) ™. (3.8)

To estimate the operator norms on the right-hand side it is sufficient to bound them by the
Hilbert—Schmidt norms || - ||>. Using bounds (A.5) on the kernels of 97 Ry(z) forn = 0, 1,
and the properties of the functions J;, J; we obtain

(8270 97 Ro(2) || = / dx |92 7 (x) | dx’ |97 Ro(x, X5 2)|°
supp a7 " Jj supp J;

B N2
< 4C%(z, B) dx / dx' e 7@
supp 87 " J; supp J;

<A4C2(z, B)e s (5D’ / dx / dx/ e~ § =)
supp 327" J; Rx[—L/2,L/2]

i

<16 /%Cf(z, B)L2e 5D, (3.9)
For the norms involving the potentials W; we obtain in a similar way

||33’”J,-8;'R0(Z)W,-||§ :/ dx|a§*"J,-(x)|2 dx' 0% Ro(x, X'; z)|2|W,-(x')|2
supp " supp W;

<4C2(, B)e—%gm/

dx / dx’ e~ $=0" W (x) 1. (3.10)
supp 07" J; supp W;

It is clear that since V,, is bounded, and U, U, do not grow faster than polynomials,
the double integral on the right-hand side of the last inequality is bounded above by
L? times a constant depending only on B and Vy. From this result, (3.8), (3.9) and
dist(z, o (Hy) Uo (H,) Uo (Hp)) = e~ m el e obtain (C(B, V) a constant independent
of L)

IKi (@)l < C(B, Vo)e ™' Lemsnloety (3.11)

where we used the expression for C,,(z, B) in appendix A and the fact thatRez € A,. O

4. Estimates of eigenprojectors of H,,

In this section we use the decoupling formula (3.5) to give deterministic estimates for the
difference between projectors of H, and H,, H, and H,. We then combine this information
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with a probabilistic estimate (Wegner estimate) to deduce that the spectrum of H,, is the union
of the three sets X;, X, and X, satisfying parts (a) and (c) of theorem 1.

Proposition 1. Assume that (H1) holds. Take p > 7 and any e=5200¢1)* < pp < dp-r.
For L > L(g) let Q' be the set of realizations of the random potential such that for each
w € Q) dist (U(Hb) N A, Eg‘k) > d(e)L77? forall EG, € Ag, o0 = £, r. Then
(i) If P(Egk) is the eigenprojector of Hy associated with the eigenvalue Ef, € A, and P
the eigenprojector of H,, for the intervals I} = [Egk —p, Eg + ,0] we have
| Pe = P (EG)| < &' C'(B. Vo)L 0EL", @1

(ii) Let A C A, be an interval such that dist(A, o (Hy) U o (H,)) = d(—zg)L”’. If P,(A) is
the eigenprojector of Hy, for the interval A and P(A) the eigenprojector of H, for the
interval A we have

IP(A) — Py(A)|| < £73C'(B, Vo)L e~ 50081, (4.2)

Proof. We start by proving (4.1) for « = r. The case « = £ is identical. From the decoupling
formula we have

R(z) — Ry (2) = (Z JiR; (z)i,-) (Z K(z)") — (1= J)R(2)
n=1

i€l
— SR (D) (1 = J,) + JeRe(2) T ¢ + Jp Ry (2) T . (4.3)
Let I" be a circle of radius p in the complex plane, centred at Ey,. Because of (H1) and
dist (o (Hy) N Ag, Efy) = d(e)L™", Ry(z) and R(z) have no poles in I'. Moreover the only
pole of R, (z) is precisely Ej,. Thus integrating (4.3) along the circle I'

l 5 o0
P{ — P(Ey) = i ﬁ (Z JiRi(Z)Ji> Z/C(z)” dz

i€l n=1
— (1= J)P(Ey) — J,P(Ey) (1 = J,). (4.4)

We proceed to estimate the norms of the three contributions on the right-hand side of (4.4).
The norm of the first term is smaller than

SUP e 1@ 1 — B (log L)?
sup ||R; (z < 67 C(B, Vy)Le 52t 4.5
p (E 113” ( )||) [ sup._r 1K@ (B, Vo) 4.5)

ieT %€
Indeed, for i = r we have sup,.[|R-(2)|| = p~! by construction. For i = ¢, b we have
sup,er IR ()] < %LP. Since p < @L"’ we note that in all three cases (i € 7)

p sup,cr||R;(z)|| < 1. Furthermore, since p > e~ (el ysing lemma 1 we get (4.5). To
estimate the second term in (4.4) we note that by the second resolvent formula

P(Eg) o 1y, P(Eg)
Ty — (z— Hy)™ P (E},) + (z — Hp) Ur7r~ (4.6)
(z = Eg) (Ea) (z = Eg)
Integrating (4.6) along I' we obtain the identity
P(Ey) = (Eg — Ho) ™ U, P(Eyy) 4.7

this implies
[ =P (Eg)| < [ = Ro(Ee) Ur || < (1 = I Ro(Egy) U

1/2
= {/dxll - Jr(x)IZ/dx/IRo(x, X5 Egr) Ur(x/)|2} (4.8)
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since the distance (in the x direction) between the supports of (1 — J,) and U, is greater than
% + 1 we can proceed in a similar way as in the estimate of (3.10) to obtain

[ =apP(Eg)| <& CByLeatet (4.9)
where C(B) is a constant depending only on B. For the third term in (4.4) we use the adjoint
of (4.7)

P(E) = P(Eq) U, (g, — Ho)~ (4.10)
to get

[P (E5e) (1 = T < U Ro(Ege) (1 = T @11
from which we obtain the same bound as in (4.9). Combining this result with (4.4), (4.5),

(4.9) we obtain (4.1) in the proposition.
Let us now sketch the proof of (4.2). From the decoupling formula we have

R(z) = Ry(2) = (Z JiR; (z)f,-> (Z /C(z)") — (1= J)Ry(2)
n=l1

A
— Ry () (1 = Jp) + JeR(2)J ¢ + J. R, (2)J 1. (4.12)

Given an interval A C A, such that dist(A, o (Hy) Uo (H,)) = @L”’, we choose a circle T’
in the complex plane with diameter equal to | A|. Then if we integrate over I" the last two terms
on the right-hand side do not contribute while the second and third ones give (1 — J,) P,(A)
and J, P,(A)(1 — J,). Therefore

_ } T
1P — P (M)l < |A] (Z sup IIR,-(z)||> super 1K@

1 —sup . 1K)l

ier <€l
+ (1= Jp) Py (D) || + 15 Py (D) (1 = T ). (4.13)
From lemma 1, |[A| < d(g)L~"! and sup, .| Ri ()]l < %L” the first term is bounded above
by
1267 C(B, Vo)LV e~ 50021, (4.14)
In order to estimate the second norm in (4.13) we note that (in the same way as in (4.6), (4.7))
Py(A) = Z Ro(E}) Voo Py (E}) (4.15)
EjeA
thus
I =T PoA) < > [ (1= Ty Ro(EL) Vi , (4.16)
EjeA

Each term of the sum can be bounded in a way similar to (3.10), and since the number of terms
in the sum is equal to Tr P,(A) we get

I(1 = J) Po(A)]| < e7'C(B, Vo)L e ®WD" Tr py(A)
< 267%¢(B)*C(B, Vo) VL ¢ wloe D)’ (4.17)

The second inequality follows from lemma 4 in appendix B (where we need B > 4V})). For
|7 P, (A)(1 — J})| one uses the adjoint of identity (4.15) to obtain the same result. The result
(4.2) of the proposition then follows by combining (4.13), (4.14) and (4.17). ]



6350 C Ferrari and N Macris

In appendix B we adapt the method of [10] to our geometry to get the following Wegner
estimate.

Proposition 2. Let B > 4Vyand E € A,
P (dist(o (Hp), E) < 8) < 4c(B)||h|loede 2 VoL2. (4.18)

Proof of theorem 1, parts (a) and (c). Let w € ©/, where Q) is the set given in proposition 1.
Since for L large enough the right-hand side of (4.1) is strictly smaller than 1, the two projectors
necessarily have the same dimension. Therefore, o (H,,) N I}’ contains a unique energy level

E¢ for each I¢ of radius p. In particular, by taking the smallest value p = e~ 512 0021)” we get
(2.15). The number of such levels is O(L) since they are in one-to-one correspondence with
the energy levels of H,. The sets X, of theorem 1 are precisely

Yy = U (o(H,) NI NA,) a=40,r. (4.19)
k

The set of all other eigenvalues in o (H,) N A, defines ¥, and is necessarily contained in
intervals A such that dist(A, o (H;) U o (H,)) = @L‘”. In view of (2.15) this implies
(2.17). Since the two projectors in (4.2) necessarily have the same dimension, the number of
eigenstates in X, is the same as that of o (H,) N A.. It remains to estimate the probability of
the set Q';. The realizations of the complementary set are such that for at least one E, € A,

dist (o (Hp), Efy) < d(e)L™7 (4.20)
but from proposition 2 this has a probability smaller than
4¢(B)||h|lsod () L2V L* - O(L) 4.21)

where O(L) comes from the number of levels in [0 (H;) U o (H,)] N A,. Thus for L large
enough

Pao(Q)) =1 — L7, (4.22)
We recall that p > 7. O

5. Estimates of currents

In this section we characterize the eigenvalues of H,, in terms of the current carried by the
corresponding eigenstates. This will yield parts (b) and (d) of theorem 2.

Proof of theorem 1, part (b). Let Ef € X,. By definition, the associated current is

J¢ =Trv, Py 5.1
and will be compared to that of /g,

Jo, = Truy P(E,). (5.2)

The difference between these two currents will be estimated by | P — P(Eg)|. First
we observe that v, P is trace class. Indeed, v, P = v, PP} with vy, P bounded and
|P¢|, =TrPe =1

Joy e < oy PE||* < || PEEPE | < 2| P CH, — Vi) PE || < 2B + Vo (5.3)
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to get the second inequality one has simply added the positive terms to vg. Similarly

JonP(E) I < o P(ES) P < | P(EG) 2P (ER)|
< 2| P(EG) HaP(Eg) | < 2EG. (5:4)
The identity
P — P(EG) = [P = P(ES)T + [P — P(ES)] P(EG) + P(ES) [P — P(EG,)]
(5.5)
implies
[ = g | = [Teo, [PE = P(EG)]| < [Tro, [P = P(EG)T
 [Troy [B — P(EG)] P(EG) |+ [Tev, P(EG) [F — P(ER)]|. 66
From (5.6), (5.3) and (5.4) we get
77— g <2 (P, + Jo P (B P2 = P(ER)|
<2((B+3V)' 2+ (B +2Vp)'?) | P¢ — P(EG)| - 5.7
Combining this last inequality with (4.1) we get the result (2.16) of theorem 1. O

In order to prove part (d) of theorem 1 we need the following lemma.

Lemma 2. Fix w € @/, the set of realizations in (H2). Let I/f]b, wé’ be two eigenstates of Hp
with eigenvalues EY and E5. Then

|(wh, v, y2)| < 2|E — EL| L+ 5L, (5.8)

For Y = y%, E¥ = E, this shows that eigenstates of Hj, do not carry any appreciable
current. The main idea of the proof sketched below is that v, is equal to the commutator
[—iy, Hp] up to a small boundary term.

Proof. The wavefunctions wf’ and wé’ are defined on R x [—%, %], are periodic along y and
are twice differentiable in y. Here we will work with periodized versions of these functions
where the y direction is inﬁnite (but we keep the same notation). This allows us to shift

integrals over y from [—%, £] to [32, 2 + L]. We have

VotL
(V). vyy?) :/Rdx[ dy [vt ] (—idy — Bx)Yr(x). (5.9)
»2

An integration by parts yields
y7+L
(Y7, vyd) = / dx/ y [ ] y(=id, — Bx)*yh (x)
——/dxf ( id, — Bx)? Yy (x)] yt/fé’(x)+B (5.10)

where B is a boundary term given by

L * * .
B:iE/R dx [(—1dy — Bx)yy (x, 32)] 3 (x, $2) + [¥7 (x, 52)]" (—idy — Bx)yd (x, 52).
(5.11)
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We can add a periodized version of V,, and % p? to the kinetic energy operator in both terms
on the right-hand side of (5.10) and use that wf’ and wé’ are eigenfunctions of H,, to obtain

Yo+L
ot = (=) o [T ool vieos B 612

From |y| < |9;] + L < 2L and the Schwarz inequality we obtain

|(¥7, vy )| < 2L |ES — EY| +18]. (5.13)
With the help of (C.6), (C.7) in appendix C we get

1B] < e 'L, (5.14)
This concludes the proof of (5.8). U

Proof of theorem 1, part (d). Let A be an interval as in part (ii) of proposition 1. We consider
the maximal set of intervals 7 C A such that |F| = e 00D and dist(Fy, Fp) >
B — B Z
4e-smlogl)® # . Since the number of gaps between the F; in A is less than e o (¢ L)y |A|
d(e)

and |A| < <2, it follows from proposition 2 that

PA(QAW) = ]PA (a) € Qp :O'(Hb) NA C Ufk)

k
> 1= 16¢(B)|lh|loce > VoL* o dllog L? o og L 4(€)
L
=1 — 16¢(B)|/]|oce > Vod (6) L e 5 08 1", 5.15)

Now suppose that /4 is an eigenstate of H,, correspondingto Eg € A. Fora givenw € € one
can show that Eg is necessarily included in one of the fattened intervals Fi=Fi+e st (log L)?
In order to check this it is sufficient to adapt the estimates (4.13) to (4.17) to the difference of
projectors || P(Fi) — P»(Fi)||. The main point is to check that with our choice of intervals one
is allowed to replace the circle T by circles I’y centred at the midpoint of F; and of diameter
e~ loeL)’ 4 2 e=5300¢ L)’ We do not give the details here. One finds

IP(Fi) = Py(Fo)ll < e3C"(B, Vo)L e~ a2l (5.16)
Therefore, P(fk)l//,g = g for some k and we have
Jg = (Yp, vy¥p) = Vg, vy P(F)Vp) = (Po(F) Vg, vy Po(Fi) V) + ([P (Fi)

— Po(F) Vg, vy Po(F)Wp) + (Wp, vy [P(Fi) — Po(Fi)1p). (5.17)

To estimate the first term on the right-hand side of (5.17) we use the spectral decomposition
in terms of eigenstates of Hj

Py(Fvs = Y, (V. vp) v2. (5.18)
EfE]?k
We have
(Po(FWp. vy Po(FOWp) = Y (V. ¥2) (Wl ws) (W2 vy9l) . (5.19)
Eb EbeFy
From lemmas 2 and 4 in appendix B we get
|(Po(F) Vg, vy Po(FOVR)| < (Tr Py(Fi)Y 4L e (D" < 16e(B)y'e VLo e mom(oe ),
(5.20)



Intermixture of extended edge and localized bulk energy levels 6353

The second term on the right-hand side of (5.17) is estimated by the Schwarz inequality
([P (F) = Po(F)1g, vy Po(FOVp)* < lloy Po(F) W 121 P(Fr) — Po(FOII

< 2Py(F) Vg, (Hy — Vo)) Po(FOYp) | P(Fr) — Po(FO?

< (B+3WIIP(F) — Po(FOI. (5.21)
The third term is treated in a similar way
Wp, 05 [P(F) = Po(FO1Yp)® < oy ¥ P11 P(Fi) — Po(Fo)II?

<2(p, (Ho = Vo)V I P(F) = Po(FOII?

< (B+3WIIP(Fo) — Po(FOI. (5.22)
The last estimate (2.18) of theorem 1 then follows from (5.16), (5.20), (5.21) and (5.22). [l

Remark. The set Q, in theorem 1 may be taken equal to @/, N 2,” N Q%. This set has a
probability larger than 1 — 3L~ with s = min(6, p — 6).
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Appendix A. Resolvent of the Landau Hamiltonian

The kernel Ry(x, X'; z) of the resolvent Ry(z) = (z — Hy) ™! with periodic boundary conditions
along y can be expressed in terms of the kernel R{°(x, X’; z) of the resolvent of the two-
dimensional Landau Hamiltonian defined on the whole plane R?. Since the spectrum and
the eigenfunctions of Hj are exactly known, by writing down the spectral decomposition of
Ro(x, X; z) and applying the Poisson summation formula we get for z € p(Hp)

Ro(x,X;2) = Y RP(xy —mL,x'y’; 2). (A1)
meZz

The formula for R (x, X'; z) is (see for example [14])
B B Bl w2
R(x,X52) = —T (@)U (o, 1; =[x —x|* ) e s F X" M (x, x) (A.2)
2 2
wherea; = (3 — %) and

M(x,X) = exp (%B(x +x)(y — y/)> (A3)

is the phase factor in the Landau gauge. In (A.2) the Landau levels appear as simple poles
of the Euler I' function and U (—A, b; p) is the logarithmic solution of the Kummer equation
(see equations (13.1.1) and (13.1.6) of [37])

d*U dUu

—+b—-—p)—+2rp=0. A4

02 b—=p) p P (A4)

Lemma3. /f|Imz| < 1,Rez € ]%B, %B[and §|x —x'|? > 1 then, for L large enough, there

exists C,(z, B),n = 0, 1 independent of L such that
|07 Ro(x, X5 2)| < Cu(z, By e 56— (A.5)

where C,(z, B) = C, B™*3dist(z, o (Hy))~! with C, a numerical positive constant.
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For our purposes we need only decay in the x direction as provided by the lemma but
in fact there is also a Gaussian decay in the y direction as long as |y — y'| < % One can
also prove similar estimates when Re z is between higher Landau levels but the constant is
not uniform with respect to v. Finally, we point out that this estimate does not hold for
glx — x'|? < 1 because of the logarithmic singularity in the Kummer function for p — 0
(see also appendix C).

Proof. The proof relies on the estimate (6.10) of [14] which we state here for convenience.
ForA=x+iy, N—1l<x<N(N=>1),beNandp > 1

_ IC(=x)  _(, v (b+N)!
U (=2 bs )l S 27V p (04 N+ [y =S+ e P (0 + 1+ [y o
IT(—1)] IT(N =4
(A.6)
Using this estimate for N = 1, |y| < 1 and b = n together with I'(1 — 1) = —AT'(—X) we
have (C,, a numerical constant)
IT(=MIU (=2, n+1; p)] < CppfT(—x) + A"} (A7)

From (A.7) if [Imz| < 1,Rez € |3B, 2 B[ and £|x — x'|> > 1 we deduce the estimate (C,/ a
numerical constant)

_B 72 " q: —1 72
DU (@ n+ 15 2 x =X )| < BC) dist(z, o/ (Ho) ™ x = X% (A8)

From (A.8) for n = 0 and (A.1) we get
[Rofx, X 91 < 2BCy dist(z, o (Hy)) ™ e 07" 3 0’ (ag)

meZ

since |y — y’| < L the last sum can be bounded by a constant, which yields (A.5) forn = 0.
To estimate the first derivative it is convenient to use the relation [37]

dU (=2, 15 p)

=U(=A 15 p) —U(=2,2; p) (A.10)
dp

which yields

B
R (x, X5 2) = 5[()6 —x)+i(y — Y)IRC (x,X'; 2)

B B 2\ =B x—xp? ’
—Bx —x)—T(o))U |a;,2; —|x—X|")e™ M(x, x). (A.11)
2w 2
Using (A.8) to bound the two terms on the right-hand side of (A.11) we get
|0 RE® (xy, X'y = mL; 2)] < B3CY dist(z, o (Hp)) ™! e #1000 omby) (A.12)
the result (A.5) for n = 1 then follows from (A.12) and (A.1). O

Appendix B. Bounds on the number of eigenvalues in small intervals

We first prove a deterministic lemma on the maximal number of eigenvalues of Hj, belonging
to energy intervals / contained in A.. Then we sketch the proof of proposition 2. The ideas
in this appendix come from the method used by Combes and Hislop to obtain the Wegner
estimate which gives the expected number of eigenvalues in /. Since lemma 4 does not appear
in [10] and we need to adapt the technique to our geometry we give some details below.
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We begin with some preliminary observations on the kernel Py(x, x") of the projector
onto the first Landau level with periodic boundary conditions along y. Using the spectral
decomposition and the Poisson summation formula one gets

Po(xy, x'y) =y Pg*(xy —mL, x'y) (B.1)
meZ
where
o0 / B ——|x x| 1B(x+x)(\ -y
Py (x,x') = o e 1 (B.2)

is the projector on the first Landau level for the infinite plane. The above formula can also be

obtained by computing the residues of the poles of the I" function. We observe that vi'/? Py le/ :

is trace class. Indeed it is the product of two Hilbert—Schmidt operators Vil/ 2 Py and Py le/ 2

and from the expression of the kernel (B.1) it is easily seen that (c(B) a constant independent
of L)

[V PV 2] < V2 Roll, |20V, < e(BYVA. (B.3)

[ <
Lemma 4. Let I be any interval contained in A, and P,(I) the eigenprojector associated
with Hy,. Then

Tr Py(I) < 26 %c(B)*VFL*. (B.4)

Proof. Let Qyp = 1 — Py and E the middle point of /. Using Qo(Hy — E)Qp > 0 and
QoRo(E)Qo < (B — V)~ Qg we can write

Py(1)QoPy(I) = P,(I)Qo(Ho — E)'/*Ro(E)(Ho — E)'/> Qo Py (1)

< (B — Vo) ' Po(I)(Hy — E) Qo Py (I)

< (B = Vo) ' [Po(I)(Hy, — E)QoPy(I) — Py(1)V,, Qo Py(D)] (B.5)
and thus from || P,(I)(H, — E)|| < '” , we get

e (M W _1
| Pp (1) Qo Pr(D| < (B — Vo) <2+V0> 2B V0)< . (B.6)

In the last inequality we have assumed that B > 4V;. Using Tr P,(1) = Tr P,(I) Py Py(I) +
Tr Py (1) Qo Py (1), Tr Py (1) Qo Py (1) < || Py (1) Qo Py ()| Tr Po(I) and (B.6) we obtain

Tr P,(1) < 2Tr P,(I) Py P,(I) =2Tr Py Pp(1) Py. (B.7)

B\’ B 2
dist (1, 5) Py (I)? < <P,,(1) (H,, - 5) P,,(I)) (B.8)

it follows that
. B B
Tr PyP,(I)Py < & " Tr (| PoPy(I) -3 P,(I) | Hy — 3 Py(I)Py

£ 2 Tr(PyViy Py (1) Vi Po) < 72| PoViyllalIViw Poll2 (B.9)

Now, from

each Hilbert—Schmidt norm in (B.9) is bounded by c¢(B) Vo L?. This observation together with
(B.7) gives the result of the lemma. (

Let us now sketch the proof of proposition 2.
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Proof of proposition 2. Let E € A, and [ = [E — §, E + §] for § small enough (we require
that / is contained in A.). By the Chebyshev inequality we have
Pa (dist(o (Hp), E) < 8) =Px (Tr P,(I) 2 1) < EA(Tr Py (1)) (B.10)
where E, is the expectation with respect to the random variables in A. To estimate it we use
an intermediate inequality of the previous proof
E(Tr Py(1)) < 26 2EA(Tr PyV, Py(I)V,, Py). (B.11)
Writing Vi, o = D o4 Xi(@) Vi
Tr PV Py (Vi Po = Y Xiw)X;(@) Tr PoViPy(I) Vi Py
i,jeA?
= Y Xi@)Xj(@) TV >RV 2V 2P, (1) V2. (B.12)
ijeA?

Since Vj]/ : Py Vil/ ? is trace class we can introduce the singular value decomposition

oo
V2PV =3 (W, ) (B.13)
n=0

where Y7, = | le/2P0Vil/2 ||1 Then

o0
Tr le/zpovil/zvil/zpb(,)vjl/z _ Zun (qu Vil/zpb(I)Vj]/zwn>
n=0
o0

1/2
<Dt (@0 WPV 200) (i VROV )
n=0
S ) Mn ns Vi b i n ns Vi b i n . .
n=0
An application of the spectral averaging theorem of [10] shows that

En (v V2 PuDV ) < 1128 (B.15)

as well as for the term with i replacing j and ¢, replacing v,,. Combining (B.11), (B.14),
(B.15) and (B.12) we get

EA(Tr Py(1) < 4llhlloode™ Y V2PV 2] < 4l llode e (B)VoL®. (B.16)
i,jen? O

172

Appendix C. Estimate on the eigenfunction of Hj

In this section we prove Gaussian decay of the eigenfunction l/f/’; and its y-derivative outside

the support of the random potential V,,. From the eigenvalue equation (Hy + Vw)l/fg = E,’; 1/f§
we get

Vi = Ro(Ep) V. (eR))
Thus
W) < / [Ro(x. s E5) V() p ) d
Rx1,

12
<W {/ |Ro(x, x'; Eg)|2dx/} (C.2)
suppV,
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and
|0y ¥ 5 (x)| < Vosup [y (%) |9y Ro (x,X'; E})|dx'. (C.3)
X suppV,,
We need bounds on the integral kernel Ry and its y-derivative to get an estimate of the
eigenfunctions and their y-derivative. From [14] we have (E € A;)

| R (x. X B)] < C(B)IT (@) e s M T

1 it Zx—x|>>1
B 72 : B 72 (C4)
1+]In (Zx —x'1?)] it Zx—x]><1.
Calculating the y-derivative thanks to (A.10), and using bounds (6.16) of [14] we have
|0, R® (x, X3 E)| < C'(B)IT (ap)] e 5 X T
1+ |x] if Zx—x|?>>1
(1+In(Zx =x1?)]) A + x| +[x =x|71 if ZIx—x><1.
(C.5)
With the help of (C.4) and (C.5) we can see that for L large enough
—E(X—%HogL)z if _ L L
lwhool < e vLx { it xg[-5.5] (C.6)
In(BL?) if xe[-% %]
and
efg(“%”"gL)z 1+ |x if xg[-L L
0,95 ()| < C'(B)e Vg L? x , (1+1xD #1-35] (C.7)
L(n(BL» (1 + |x]) if xe[-% %]
Indeed, for |m| > 1, g[(x —x)?+(y —y —mL)?*] > 1 thus we have
|Ro (x.X; EB)| < C(B)e™ e+ 4+ N RS (xy, x'y' — mL: EB)|. (C.8)
Im|<1
Ifx & [—%, %] since x" € suppV,, the terms |m| < 1 also have a Gaussian bound and
Ry (x.X; E)| < €'(B)e™ e F07, (C.9)
Replacing this bound in (C.2) we get the Gaussian decay in (C.6). On the other hand if

X € [—%, %] we can use the logarithmic bounds for the terms |m| < 1 and we remark that

they are integrable and bounded by L? In(BL?). The same arguments hold for the y-derivative.
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